Elastic nonlinearities are particularly relevant for soft materials because of their inherently small linear elasticity. Nonlinear elastic properties may even take over the leading role for the transformation at mechanical instabilities accompanying many phase transitions in soft matter. Because of inherent experimental difficulties, only little is known about third order (nonlinear) elastic constants within liquids, gels and polymers. Here we show that a key concept to access third order elasticity in soft materials is the determination of mode Grüneisen parameters. We report the first direct observation of third order elastic constants across mechanical instabilities accompanying the liquid-liquid demixing transition of semi-dilute aqueous poly(N-isopropylacrylamide) (PNIPAM) solutions. Immense elastic nonlinearities, leading to a strong strain-softening in the phase-separating PNIPAM solutions, are observed. Molecular mechanisms, which may be responsible for these immense elastic nonlinearities, are discussed. The importance of third order elastic constants in comparison to second order (linear) elastic constants in the demixing PNIPAM solutions evidences the need to focus more on the general role played by nonlinear elasticity at phase transitions within synthetic and biological liquids and gels.
A Introduction
For so condensed matter, knowledge about its continuum mechanics plays a decisive role in understanding the molecular cohesion and organization. When so matter is subjected to a sufficiently small static strain, the mechanical response is controlled by linear elastic, but not viscoelastic, properties. 21 If liquids, gels or polymers are excited by a dynamical mechanical probe, their viscoelastic properties become relevant. This relevance increases with the complexity of the molecular structure in terms of inter-and intramolecular degrees of freedom. At sufficiently high probe frequencies, oen lying in the upper MHz or GHz regime, the mechanical relaxation processes are dynamically clamped and the mechanical response of the system is purely elastic again. Hence, for so materials the mechanical response may be of linear elastic nature when probed either statically or at sufficiently high probe frequencies. In such case, it can be described by Hooke's law, using the second order elastic constants (SOECs) provided by the linear elastic stiffness tensor of 4 th order.
Of course linear elasticity only describes one aspect of the complex mechanical behaviour of so matter. The regime of linear elastic response is oen soon abandoned for so materials as the stress or strain amplitude is increased in stress-strain or dynamic mechanical experiments (e.g. ref. 4-6, 8 and 11-14) . In order to quantify this nonlinear elastic response of the material within the frame of continuum mechanics, Hooke's law must be extended. Usually the consideration of third order elastic constants (TOECs), but no higher order elastic constants, is sufficient to describe the nonlinear elastic response.
21,22
Because of the usually small SOECs of liquids, gels and polymers, it is obvious that nonlinear elastic properties oen play a more crucial role in so matter than in hard condensed matter. The large number of investigations dealing with the nonlinear elastic properties of synthetic and biological so materials proves that the importance of elastic nonlinearities for a better understanding of so matter is generally accepted (e.g. ref. . Most of these investigations, based on stressstrain experiments or rheology, give essential insight into the specic nonlinear mechanical response of complex synthetic and biological so materials. The corresponding experiments are rarely treated within the frame of elasticity theory of mechanical continua. Hence, the nonlinear elastic susceptibilities, i.e. third and higher order elastic constants, are seldom quantied during these investigations. Exceptions are reported for example in ref. 15, 18 and 19 , where Brillouin spectroscopy, applied e.g. on strained polymers, yields the full third order elastic stiffness tensor.
Similar to hard condensed matter (e.g. ref. [23] [24] [25] , knowledge about TOECs can be of immense value for the better understanding of molecular cohesion and organisation in so matter. In particular, the testing of theoretical concepts, for instance related to the Landau theory of phase transitions, 22 may demand for quantitative values of TOECs. Experimental investigations of TOECs at transformation phenomena in so matter are rare; examples exist for the thermal glass transition in polymers. 17, 26, 27 The so-called ferroelastic phase transitions,
22
for which the mechanical stress is the order parameter, are particularly fascinating from the mechanical viewpoint. For such transitions, a linear elastic constant is interpreted as the inverse order parameter susceptibility and therefore strongly soens at the phase transition. A mechanical instability hence accompanies such phase transitions. It is however unclear which role TOECs play for such ferroelastic phase transitions in so matter. Corresponding mechanical instabilities were reported for the ferroelastic demixing transition of poly(N-isopropylacrylamide) (PNIPAM) hydrogels and aqueous PNIPAM solutions. 3, 20, 28, 29 At the demixing temperature T c , the homogeneous low-temperature phase separates into PNIPAM-rich and PNIPAM-poor domains. 20, In the course of this phase separation, the longitudinal modulus c 11 strongly decreases.
20,28,29
The PNIPAM solutions possess large mechanical instabilities, for which Dc 11 /c 11 may already reach 17% for a 6 mass% PNI-PAM solution.
20 It could be shown that for PNIPAM solutions at T c , the relationship between the longitudinal modulus and mass density c 11 (r) is drastically altered. 20 In particular, the steep decrease of the c 11 (r)-curve proves that the large variations of the longitudinal modulus at T c are not at all governed by the evolution of the mass density. Thus, the important variation of the longitudinal modulus at T c is not dominated by variations of the mass density, but of the intermolecular and intramolecular 'spring constants', i.e. the changing elastic interactions within the phase-separating solutions. Note that these strongly changing 'spring constants' as a function of density can qualitatively be interpreted in terms of the occurrence of elastic nonlinearities. Hence, concrete indications exist that signi-cant elastic nonlinearities rise at the demixing transition of aqueous PNIPAM solutions.
The present article deals with the quantitative determination of TOECs across the liquid-liquid demixing transition of semi-dilute aqueous PNIPAM solutions. In order to overcome the inherent tremendous experimental difficulties of measuring TOECs within liquids, we apply a key concept, which is well-known from solid state physics: the mode Grüneisen parameter 16, 17, 21, 26, 27, 53, 54 (see Section C.2). Brillouin spectroscopy 55, 56 is used as the main experimental method. We report the rst direct observation of the evolution of TOECs at the mechanical instability accompanying a liquid-liquid phase transition. A signicantly widened perspective on this mechanical instability allows for a deeper insight into the molecular mechanisms governing the demixing transition of PNIPAM solutions. The detected immense TOEC at the demixing transition of PNIPAM solutions evidences the need to focus in more detail on the role played by nonlinear elasticity at phase transitions within synthetic and biological so matter.
B Experimental

B.1 Materials
Linear poly(N-isopropylacrylamide) (PNIPAM) homopolymer with a number average molecular weight of 20-25 kg mol À1 was purchased from Sigma-Aldrich Chemie GmbH, Tauirchen, Germany. The polymer has a purity of 97%. The contour length of a single PNIPAM molecule corresponds to about 44 nm and in aqueous environment its radius of gyration amounts to a few nanometers. 30, 34 Semi-dilute aqueous poly(N-isopropylacrylamide) (PNIPAM) solutions with a concentration of 3 and 6 mass% were prepared in cleaned glass vials using Millipore water. Aer shaking these solutions for some hours, they were stored in the fridge for several days in order to become completely transparent and homogeneous. The demixing transition of these solutions is of the lower critical solution temperature type. 20, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] The demixing temperature T c lies for both solutions between 33 and 34 C.
20,28-45
B.2 Brillouin spectroscopy
Brillouin spectroscopy is a light scattering technique which is used here to investigate acoustic properties of liquids at gigahertz frequencies.
20,55-58
Hence, this technique measures dynamically clamped acoustic properties, so that viscoelasticity does not play a role. It is an invasive and non-destructive technique. In this application of Brillouin spectroscopy, the photons of laser light are inelastically scattered on thermally induced hypersonic waves, also called acoustic phonons, propagating within the sample. The term 'acoustic phonon' originally stems from lattice vibrations in crystals. However, this concept can also be transferred without any restriction to amorphous materials, if the employed acoustic wavelength largely exceeds interatomic distances. This holds true for the present study, as the involved acoustic wavelength amounts to about 200 nm.
The light, which is inelastically scattered from the sample, is analyzed using a tandem Fabry-Pérot interferometer as a high resolution tunable optical lter. Brillouin spectra are recorded for a xed wave vectorq, dened by the employed scattering geometry. The magnitude of the wave vector amounts to 0.032 nm À1 in the current investigation. The position of the Brillouin doublet in the Brillouin spectrum yields the frequency and its line width the temporal attenuation of the involved hypersonic wave. Originally Brillouin spectroscopy was used to determine the hypersonic properties of transparent single crystals and liquids. Modern tandem Fabry-Pérot interferometers have such a high optical contrast (of 10 5 to 10 6 ) that they are even able to analyse the inelastically scattered light of translucent or opaque samples. This feature is essential for the present study, where the hypersonic properties of highly opaque, demixed PNIPAM solutions are characterized. If the heterogeneities leading to the optical opacity are small in comparison to the probing acoustic wavelength, information about the average hypersonic properties of the heterogeneous material is gained. The kinematic description of the inelastic scattering of light photons by acoustic phonons is as follows. Applying the law of energy conservation to the inelastic scattering process, the hypersonic frequency f of the probed acoustic phonons can be related to the angular frequencies, u s and u i , of the scattered and incident light, respectively, according to:
Similarly the law of momentum conservation relates the wave vectorq of the probed acoustic phonon to the wave vectors
and k i ! of the scattered and incident light according to:
The selected scattering geometry denes the wave vectorq. Hence the frequency f of the hypersonic wave is the response of the system for a chosen wave vectorq. In order to optimize the scattering intensity for the current studies, the backscattering geometry was selected. In this conguration, the magnitude of the wave vector q 180 of the probed hypersonic wave, or its wavelength L
180
, depends on the refractive index of the scattering volume n l 0 according to:
The vacuum wavelength of the used frequency-doubled Nd-YAG Verdi laser from Coherent, USA equals to l 0 ¼ 532 nm. Refractive indices versus temperature are given in ref. 20 for the PNIPAM solutions. As these values only slightly vary with temperature at the demixing transition, the magnitude of the wave vector is almost constant for each sample. This constancy of the wave vector is of great importance for the calculation of mode Grüneisen parameters, which are the basis for the determination of TOECs (see Section C.2).
The longitudinal hypersonic velocity v L (T) of the propagating sound waves is given by:
In Voigt notation, 59 the longitudinal elastic modulus of an isotropic system is expressed by (for details, see Section C.1):
All measurements were carried out on a highly modied and soware-controlled six-pass tandem Brillouin spectrometer from JRS Scientic Instruments, Switzerland. Details about the experimental setup and the Brillouin spectroscopic investigations are given in ref. 20 .
B.3 Densitometry
The measurements of the mass density versus temperature were carried out with a DMA 5000 M densitometer from Anton Paar, Austria. According to the manufacturer, the statistical error of the mass density lies below 10 À5 g cm À3 and absolute temperature accuracy better than 0.1 C is achieved.
C Theoretical background
C.1 Continuum mechanics
The basic equation for elasticity is obtained by a Taylor expansion of the elastic free energy F el (written in Voigt notation):
F 0 denotes the elastic part of the free energy in the unstrained elastic continuum, V 0 a reference volume, 3 i the components of the elastic strain tensor, c ij the components of the second order elastic stiffness tensor, c ijk the components of the third order elastic stiffness tensor and o(3 4 i ) the neglected fourth and higher order terms. From the equations of state
, where s i denotes the six components of the stress tensor, the elastic susceptibilities c ij and c ijk can be derived:
and
The susceptibilities c ij are called second order elastic constants (SOECs) and appear in Hooke's law. The susceptibilities c ijk are called third order elastic constants (TOECs) and reect the nonlinear elastic contributions to the equations of state. As long as the nonlinear part in eqn (6) yields a negligible contribution to F el , there is no need to consider the TOECs. Hooke's law is then sufficient to describe the elastic properties of the considered material. Note that it is the ratio between nonlinear and linear elasticity which decides about the relevance of nonlinear elasticity rather than the absolute values of the SOECs and TOECs.
21,22
The number of independent SOECs and TOECs depends on the macroscopic symmetry of the sample. For isotropic materials two independent SOECs exist: the longitudinal modulus c 11 and the shear modulus c 44 . 456 .
In conclusion, if Hooke's law strictly holds true for a given system, the elastic response functions, i.e. the SOECs c ij or linear combinations of them, do not depend on the applied strain and hence all higher order elastic constants vanish. For a liquid, like an aqueous solution of PNIPAM, possessing a zero shear modulus, Hooke's law predicts that the only remaining SOEC c 11 > 0 GPa should not depend on volume or density. This statement is the basis for the introduction of mode Grüneisen parameters (see Section C.2). If under the given experimental conditions the elastic response function depends on volume (or density), then elastic nonlinearities must be taken into account.
C.2 Mode Grüneisen parameter
Mode Grüneisen parameters were originally introduced in solid state physics to access lattice anharmonicities of single crystals. 16 
The mode Grüneisen parameter accesses in linear response the variation of the frequency f of a given acoustic mode while changes of the mass density r occur. In the case of mode Grüneisen parameters, the lattice anharmonicity, or elastic nonlinearity, is thus not measured by a classical stress-strain experiment, but via the change of the frequency of an acoustic mode induced by a variation of density. Indeed, the innitesimal variation of the frequency f, provoked by an innitesimal change of the mass density, is probed, however the change in density is produced.
For small wave vectorsq the concept of mode Grüneisen parameters is not restricted to crystal lattices, but can also be applied to disordered condensed matter. As discussed in Section B.2, this holds true as long as the dimensions of spatial inhomogeneities of the material are small compared to the selected acoustic wavelength. Brillouin spectroscopy is especially well suited to determine mode Grüneisen parameters because it fulls the required conditions. This technique measures the hypersonic frequencies f of a selected acoustic mode with a given polarization p at a constant wave vectorq, in linear response.
As stated in Section C.1, for so matter with isotropic symmetry, the linear elastic behaviour is fully described by the longitudinally polarized acoustic mode and the degenerated transversely polarized acoustic mode. Only the longitudinal acoustic mode needs to be considered for isotropic liquids, as the shear modulus is zero. The desired changes of mass density introduced in eqn (9) are usually realized by variations of temperature or pressure.
For the present investigation, the temperature is the parameter that provokes simultaneously a variation of the frequency f L of the longitudinally polarized acoustic mode and the mass density. In that case, the mode Grüneisen parameter of the longitudinally polarized hypersonic wave can be written as:
where the volume thermal expansion coefficient is given by a(T)
vT denotes the relative derivative with respect to the temperature of the hypersonic frequency f L of the longitudinally polarized sound wave. For the considered PNIPAM solutions with macroscopically isotropic symmetry, the mode Grüneisen parameter can be related to a combination c 
D Results and discussion
The longitudinal hypersonic frequencies versus temperature f L (T), determined by Brillouin spectroscopy, are indicated across the demixing transition for two aqueous PNIPAM solutions and pure water in Fig. 1 (see open symbols) . These datasets were obtained from the Brillouin spectra published in ref. 20 . In the low-temperature phase, the absolute values of the hypersonic frequency f L (T), and hence the longitudinal modulus c 11 (T) (see eqn (5)), signicantly rise with the PNIPAM concentration. At T c , a steep, but continuous decrease of the hypersonic frequency f L (T) occurs for both PNIPAM solutions. It results from the mechanical instability related to the phase separation of the polymeric solutions into PNIPAM-rich and PNIPAM-poor domains.
20 This aspect will be discussed in more detail in the context of Fig. 4 . Despite the on-going phase separation and the resulting opacity of the 3 and 6 mass% PNIPAM solutions above the demixing temperature, only one longitudinally polarized hypersonic wave is observed in this state. Consequently, the heterogeneous high-temperature phase behaves elastically homogeneous and isotropic on the length scale of the probed acoustic wavelength of about 200 nm. For these semi-dilute solutions, the PNIPAM-rich aggregates are thus much smaller than 200 nm. The hypersonic attenuation remains rather moderate and without signicant variation around the demixing transition of all solutions.
20
The relative temperature derivatives of the longitudinal hypersonic frequencies d L (T) are also depicted in Fig. 1 (see  lled symbols) across the demixing transition for the PNIPAM The thermal expansion coefficients a(T) of the two PNIPAM solutions and pure water are depicted in Fig. 2 across the demixing transition. As expected, the volume expansion coefficient of water increases with temperature within the considered temperature interval. In the low-temperature phase the absolute values as well as the temperature dependence of a(T) of the aqueous PNIPAM solutions are very similar to those of water. However, the thermal expansion coefficients of both PNIPAM solutions show a pronounced peak, which spreads over a temperature interval of about 5 C width above T c . For temperatures above T c + 5 C, the thermal expansion coefficients of the PNIPAM solutions again approach those of water.
Here, a(T) of the demixed solutions is dominated by that of the PNIPAM-poor phase, which possesses a thermal expansion coefficient being close to that of water. The pronounced a(T)-peaks are related to the structural reorganization that occurs within the phase-separating solutions. Below the demixing temperature the PNIPAM chains are solvated by hydration shells. [35] [36] [37] 46 Above T c , these shells are repelled in a highly cooperative manner. 37, 46 The amide groups of the PNIPAM sidechains form intra-and intermolecular hydrogen bonds with neighbouring amide groups in the course of the subsequent molecular aggregation. Infrared spectroscopy conrms that this phase separation occurs at least within a temperature interval of 4 to 5 C width above T c .
36
According to the evolution of a(T), this structural reorganization obviously has a considerable impact on the average molecular interaction potentials. Hence, just above T c , the thermal expansion coefficients are in fact dominated by Fig. 2 Temperature evolution of the thermal expansion coefficient a(T) across the demixing transition, derived from density data.
20 Squares: pure water, circles: 3 mass% PNIPAM solution and diamonds: 6 mass% PNIPAM solution. Statistical error bars are smaller than data points. structural effects provoked by the demixing transition, rather than by purely thermal effects.
The values of mode Grüneisen parameters are usually positive for liquids and solids, and typically vary between 0 and 10. 16, 17, 21, 26, 27, 53, 54 Exceptions, which possess negative mode Grüneisen parameters, are oxide glasses 54 and water. The corresponding value of water, depicted in Fig. 3(a) , is indeed negative and lies in between À10 and 0 for temperatures between 24 and 40 C. These negative g L (T)-values result from the anomalous positive temperature dependence of c 11 (T) for water. As mentioned above, it is attributed to the polyamorphism of this liquid. 60 Due to the dominant role of water within the low-temperature phase of the aqueous PNIPAM solutions, their mode Grüneisen parameters are also negative and also vary between À10 and 0 (see Fig. 3(a) ). Between are observed. This is typical for a strain-hardening material like water. The strain-hardening effect decreases for the PNIPAM solutions on approaching T c by heating, where it vanishes within the margin of error. This suggests that at the mechanical instability the strain-hardening due to water is compensated by the strain-soening related to the transition. The values of c + 111 get as small as À1000 AE 100 GPa and À1400 AE 100 GPa, respectively, at T c + 1 C for the 3 and 6 mass% PNIPAM solutions. Hence, an immense strain-so-ening emerges within a small temperature interval during the demixing of the PNIPAM solutions. Indeed, the TOECs determined for other elastically nonlinear materials, like ferroelastic crystals close to their ferroelastic phase transition or polymer melts, typically lie between À10 and À140 GPa. 15, 18, 23, 24 Consequently, in the phase-separating PNIPAM solutions, c C, which indicates that the tremendous elastic nonlinearity of À1400 GPa has faded away. This behaviour suggests that the TOECs more closely follow the evolution of the order parameter of the demixing transition than the SOECs. The elastic nonlinearities arise from the structural reorganisation, which is mainly governed by the modications in H-bond interactions. 35, 36 The large strain-soening actually endorses the formation of the demixed high-temperature state. In average the H-bonds continuously soen just above T c . 20,28,29 Accordingly, this demixing transition is a ferroelastic-like transition for which the phase-separated high-temperature state is the ordered phase. In this phase the order parameter is non-zero and saturates with increasing temperature. 28 In line with this argumentation, the inverse order parameter susceptibility c 11 (T) shows a strong decrease upon heating the aqueous PNIPAM solution above T c . Besides the elastic deformation, also the difference in polymer concentration in the demixing solution needs to be considered as an order parameter. The uctuations of the polymer concentration interact with the deformation (or density) uc-tuations and hence with the mechanical instability. However, no obvious change of the compressibility due to the critical concentration uctuations 30 existing below the demixing transition could be resolved. 20, 28, 29 We hence surmise that the observed immense nonlinear elasticity in the demixing solutions is not dominated by concentration uctuations.
The positive slopes of c 11 (T) for the PNIPAM solutions are similar to those of pure water. They are due to the polyamorphism of water. The signicant soening of c 11 (T) for T > T c to values well below that of water is related to the strong modications of the PNIPAM-water interactions at this mechanical instability. 20 The TOEC c + 111 (T) obviously behaves totally different from the inverse order parameter susceptibility, c 11 (T), at the demixing transition. The alternative perspective gained by c + 111 (T) provides quantitative insight into the strainsoening and the consecutive strain-hardening behaviour existing within the phase-separating solutions. The strain-so-ening endorses the destruction of the low-temperature phase and thus the formation of the phase-separated demixed state. The underlying reason for this strain-soening seems to reside in strain elds, provoked by the smallest temperature variations, which interfere with variations of the molecular interactions in the vicinity of the demixing transition. In the phaseseparating aqueous PNIPAM solutions, strain elds provoked by temperature variation seem to reinforce the cooperative release of the hydration shells of the PNIPAM molecules within a small temperature interval above the demixing temperature. The similarity between the cooperative hydration or dehydration of PNIPAM and peptide backbones in the aqueous environment 61 indicates that the role of nonlinear elasticity should not be underestimated for various biological systems. These ndings substantiate that the common approach to focus mainly on linear elasticity at phase transitions within so matter demands for reconsideration.
E Conclusions
The evolution of a third order (nonlinear) elastic constant is studied across the mechanical instability that accompanies the liquid-liquid demixing transition of aqueous PNIPAM solutions. Better understanding of this transition is achieved by the comparison of nonlinear with linear elastic constants at the transition. Therefore, the thermal evolution of the frequency of hypersonic waves and the mass density of semi-dilute aqueous PNIPAM solutions is investigated. Using the concept of mode Grüneisen parameters, for the rst time the behaviour of a third order elastic constant across a liquid-liquid demixing transition is calculated. It turns out that the third order elastic constant of a 6 mass% PNIPAM solution changes from slightly positive values of about 50 GPa to immensely low, negative values of about À1400 GPa in the course of the phase separation before returning back to slightly positive values, when the order parameter of the demixing transition saturates. These negative values are an order of magnitude lower than those measured for other strainsoening materials at phase transitions. The changeover from a strain-hardening to a strongly strain-soening material reects the evolution of the order parameter and accentuates the role of the mechanical instability present at this demixing transition.
Interestingly, the third order elastic constants, rather than the second order elastic constants, strongly endorse the formation of the demixed high-temperature state. It seems that strain elds, provoked by the smallest temperature variations, which interfere with variations of the molecular interactions within the phaseseparating solutions, are the reason for the strain-soening. The investigation evidences the need for addressing fundamental questions related to the universal role played by elastic nonlinearities at phase transitions within so materials.
